In this article, we introduce k-projective sequences as a unity of kregular sequences, q-additive functions, q-multiplicative functions and other sequences. First, we prove some properties of k-projective sequences and give a unity of some Mahler functions. Next, we give some examples of k-projective sequences. Moreover, we seek some fractal structure (some multidimensional increase hidden infinite copy structure, which is called hidden fractal) in k-projective sequences. Hidden fractal gives the symbolic dynamically viewpoint of some Mahler functional equation. Finally, we prove some transcendence results for Mahler functions by using this hidden fractal.
Introduction
Let k be an integer with 2 ≤ k. In [Bűc] , Bűchi introduced the k-automatic sequence as a finite state function of k-representation of natural numbers. Later, Cobham [Co] studied the fundamental properties of k-automatic sequence. Moreover, Eilenberg [Ei] gave the useful definition of k-automatic sequences as follows: Let (a(n)) ∞ n=0 be a sequence. Set S := {(a(k e n + j))
(a(n)) ∞ n=0 is a k-automatic sequence ⇔ The set S is a finite set.
In [AlS2] , Allouche and Shallit gave a generalization of k-automatic sequences by focusing the above definition as follows; Let (a(n)) ∞ n=0 be a sequence which takes the values some field K (More generally, they defined for Noetherian ring). (a(n)) ∞ n=0 is a k-regular sequence ⇔ The set S is contained in finitely generated K-module.
The k-regular sequence has deeply relation to transcendental number theory. Indeed, the generating function of k-regular sequence is a Mahler function. Therefore, many authors give many transcendental numbers by studying kregular sequences. ( [AdBu1] , [AdBuL1] , [AdBuL2] , [Am] , [BelBC] , [LoP] , [Ni1] , [Ni2] , [Ph] etc). On the other hands, Gel'fond [Gel] introduced the two functions related with k-adic representation as follows; (a(n)) ∞ n=0 is a q-additive function (k-additive) ⇔ for any nonnegative integers e, n and j with 0 ≤ j ≤ k e − 1, a(k e n + j) = a(k e n) + a(j).
(a(n)) ∞ n=0 is a q-multiplicative functions (k-multiplicative functions) ⇔ for any nonnegative integers e, n and j with 0 ≤ j ≤ k e − 1, a(k e n + j) = a(k e n)a(j).
The q-additive functions and q-multiplicative functions also have deeply relation to transcendental number theory ([AmV1] , [AmV2] , [Mi1] , [Ta] , [To] , [Um] etc). Especially, Tachiya [Ta] found many transcendental numbers by studying the generating function of q-multiplicative function (See Theorem 6-(ii) in [Ta] ).
In this article, we give a unity of k-regular sequences, q-additive functions, qmultiplicative functions. (we call this sequence a k-projective sequence.) Moreover, we seek the relation between k-projective sequences and transcendental number theory. Now we introduce k-projective sequences as follows: For any integer e with e ≥ 0, set S e := {(a(k e n + j))
Definition 1.1 Let (a(n)) ∞ n=0 be a sequence which takes its values in some field K, which is a subfield of complex numbers. We call (a(n)) ∞ n=0 a k-projective sequence if, for any integer e with e ≥ 0, there exists an integer d (independent of e) and d sequences a 1,e , · · · , a d,e , which take their values in K, such that S e is contained in K-module generated by a 1,e , · · · , a d,e . Especially, we call this type k-projective sequence a d-type k-projective sequence.
This paper is organized as follows: In section 2, we prove some properties of k-projective sequences and give a unity of some Mahler functions. Moreover, we give a generalization of Theorem 1 and Theorem 2 in [Bec] . This result gives a new class of Mahler functions. In section 3, we give many examples of k-projective sequences. Especially, we explain that k-projective sequences give a unity of k-regular sequences, q-additive functions and q-multiplicative functions. In section 4, we seek some fractal structure (some multidimensional increase hidden infinite copy structure, which is called hidden fractal) in kprojective sequences. Hidden fractal gives the symbolic dynamically viewpoint of some Mahler functional equation. In section 5, first we generalize Cobham conjecture (proved by ). Next, we found new S or T numbers by using this hidden fractal. This result gives the other approach to the question proposed by Remark5 in [AmV1] . In section 6, we seek more general sequences and try to seek a generalization of Mahler function. In section 7, we give two problems.
2 k-projective sequences and some properties
In this section, we show some fundamental properties of k-projective sequences. First, we rewrite k-projective sequences by Cartier operators; Cartier operators ∆ j with 0 ≤ j ≤ k−1 are defined as follows, for (a(n))
is a k-projective sequence if and only if there exist an integer d and sequences a(n) = a 0,1 (n), a y,l (n) (y ≥ 0, 1 ≤ l ≤ d) such that:
Proof. We assume (a(n)) ∞ n=0 is a k-projective sequence. For any integer e ≥ 0, the module K e := K-module generated by (a(n)) ∞ n=0 's S e . From the definition of k-projective sequence, there exists an integer d e with 1 ≤ d e ≤ d such that
> . Therefore, we choose a e,l (n) = a(k e n+j l ) (for e ≥ 0, 1 ≤ l ≤ d e ) and a e,l (n) = 0 (for e ≥ 0, d e +1 ≤ l ≤ d). Now we show the converse. For any integer e ≥ 0 and any integer pair (j 1 , j 2 , · · · , j e ) with 0 ≤ j i ≤ k − 1 (for any i with 0 ≤ i ≤ e), we have
This completes the proof of converse. Now we prove some fundamental properties of k-projective sequences.
is also a k-projective sequence. Proof. From (a(n)) ∞ n=0 and (b(n)) ∞ n=0 are k-projective sequences, for any e and j with 0 ≤ j ≤ k e − 1, there exist integers
where a 1,e (n), · · · , a d1,e (n), b 1,e (n), · · · , b d2,e (n) are sequences which take their values in K. First, we prove Theorem 2.2-1. By (2.1), (a(n) + b(n)) ∞ n=0 's S e is contained in the module K < a 1,e (n), · · · , a d1,e (n), b 1,e (n), · · · , b d2,e (n) >. Second, we prove 2.2-2. By (2.1), (a(n)b(n)) ∞ n=0 's S e is contained in the module K < a i,e (n)b 1,e (n), where 1 ≤ i ≤ d 1 and 1 ≤ j ≤ d 2 >. Third we prove Theorem 2.2-3. By (2.1), trivial. Finally, we prove Theorem 2.2-4. Set C(n) := a(N + ln). For any e and j with 0 ≤ j ≤ k e − 1, we will compute C(k e n + j) as follows. Set N + jl =: k e s + M where 0 ≤ M ≤ k e − 1. Then we have
Therefore, C(n)'s S e is contained in the module K < a 1,e (ln + s), · · · , a d1,e (ln + s), where
Proof. From (a(n)) ∞ n=0 and (b(n)) ∞ n=0 are k-projective sequences, for any e and j with 0 ≤ j ≤ k e − 1, there exist integers
where a 1,e (n), · · · , a d1,e (n), b 1,e (n), · · · , b d2,e (n) are sequences which take their values in K. Set a module L := K < a 1,e (n), · · · , a d1,e (n), b 1,e (n), · · · , b d2,e (n), a 1,e (n− 1), · · · , a d1,e (n − 1), b 1,e (n − 1), · · · , b d2,e (n − 1) >, a e,j (n) = (a(k e n + j))
and b e,j (n) = (b(k e n + j)) ∞ n=0 . From the definitions, for any j 1 and j 2 with 0 ≤ j 1 , j 2 ≤ k e − 1, (a e,j1 * b e,j2 )(n) ∈ L. Now we will compute (a * b)(k e n + a) where 0 ≤ a ≤ k e − 1 as follows.
0≤j1≤a
(a e,j1 * b e,a−j1 )(n) + a<j1<k e (a e,j1 * b e,k e +a−j1 )(n − 1) = 0≤j1≤a i+j=n
This completes the proof of theorem.
Let (a(n)) ∞ n=0 be a sequence. Let z be a complex variable. For (a(n))
is a k-projective sequence, we call the power series f (z) = ∞ n=0 a(n)z n a k-projective series.
Corollary 2.1 The set of k-projective series is a ring.
Proof. From Theorem 2.2-1, Theorem 2.3.
The following theorem gives the characterization of k-projective sequences by Mahler function.
. . .
where A(z)'s entries are polynomials in z of degree less than k − 1. By using the above matrix type functional equation, we have
Now we give a generalization of the above theorem for k-projective sequences as follows; We rewrite Tachiya's [Ta] infinite product as follows.
Then we generalized Theorem 2.4 for k-projective sequences. Moreover, we give a unity of Tachiya's infinite product and the infinite matrix product generated by k-regular sequence as follows.
where A y (z) is a d × d matrix whose entries are polynomials in z of degree less than k − 1 (for any y ∈ N.).
Proof. We use the Cartier operator definition of k-projective sequences and notations of Theorem 2.1. For any positive integer y and t with 1 ≤ t ≤ d, set f y,t (z) := ∞ n=0 a y,t (n)z n . By the Cartier operator definition of k-projective sequences, we have
where A y (z) is a d × d matrix whose entries are polynomials in z of degree less than k − 1. The converse is similarly.
Finally, we generalized Theorem 1 in [Bec] as follows: Becker prove the following theorem.
Now we give a generalization of the above theorem for a k-projective series as follows.
Theorem 2.7 Let (a(n)) ∞ n=0 be a d type k-projective sequence. For any integer e with e ≥ 0 and j with 0
where some a e,j,
Proof. In Theorem 2.5, we take
] (for any y ∈ N.) as the generating functions of sequences in (a(n)) ∞ n=0 's S y . By Theorem 2.5, for any e and any j 0 with 0 ≤ j 0 ≤ k e − 1, we have
By Theorem 2.5 and the above, for any e and (j 0 , j 1 ) with 0 ≤ j i ≤ k e+i − 1, we have
By continuing this process, for any e and any (j 0 ,
where
Therefore, for any e and any
are linearly dependent over K(z). Next, we prove the second statement. Assume that f e,j (z) = 0. Therefore there exists an integer
there exists maximum length i such that
where some (
, by the first statement, this completes the proof. Assume i < d. From the maximum of i,
On the other hands, we have
Therefore, we have
This completes the proof of second statement.
This theorem gives the new class of Mahler functions as follows.
] be a power series where some field K. We call f (z) a k-chain Mahler function if there exist an integer d and
where a y,i (z) ∈ K(z) (for any i with 0 ≤ i ≤ d.) with a y,0 = 0 (for any y) and b y (z) ∈ K(z) (for any y).
Remark 2.1 In the definition of k-chain Mahler functions, if any
is uniquely determined by f y (0) and a y,i (z), b y (z) (for any y and any i with 0 ≤ i ≤ d.).
Example 2.1 In [Mi3] , we give the following infinite matrix product
Mahler function as follows; For any integer n with n ≥ 0, set
Mahler function; For any integer y with y ≥ 0, there exist
By Corollary 6.3 in [Mi3] and Remark 2.1, we have the following corollary.
We feel that the transcendence of series generated by a(n)'s arithmetical subsequence may not be deduced from the only view point of above functional equations. Indeed, we deduce the above corollary from the properties of 2-representation of natural numbers.
Becker also proved the following theorem. (Theorem 2 in [Bec] .)
] be a power series satisfying the equation,
Finally, we prove a generalization of the above theorem for k-chain Mahler functions.
n be a k-chain Mahler function satisfying the equations,
where a y,i (z)inK [z] . (for any y and i with 1 ≤ i ≤ d.) If ,for any y and i with
Proof. We choose an integer s such that ks ≤ s + L ≤ ks + k − 1. By the assumption, for any integers y and j with 0 ≤ j ≤ s, we have
Moreover, for any integers y, i with 1 ≤ i ≤ d and j with 0 ≤ j ≤ s, we have
has the following infinite matrix product,
where A y (z) is a (s + 1) × d(s + 1) matrix whose entries are polynomials in z of degree less than k−1, B y (z) is a (d−1)(s+1)×(d−1)(s+1) matrix whose entries are polynomials in z of degree less than k − 1 and O is a (d − 1)(s + 1) × (s + 1) zero matrix . By Theorem 2.5, we complete the proof.
Examples of k-projective sequences
In this section, we give some examples of k-projective sequences.
Example 3.1 k-regular sequence (k-automatic sequence).
Example 3.2 q-multiplicative function and q-additive function: Let {0, 1, · · · k − 1} * be the free monoid generated by {0, 1,
For any non-negative integer y, we define the counting function d(n;
We define the sequence (a(n))
We also define the sequence (b(n))
is also a k-projective sequence.
Proof. Now we prove the first statement. By the definition of (a(n)) ∞ n=0 , for any non-negative integers e, l and j with 0 ≤ l ≤ k D − 1 and 0 ≤ j ≤ k e − 1, we have
Therefore, the set S e+D of (a(n)) ∞ n=0 is contained in K-module generated by k D + 1 sequences. Next, we prove the second statement. By the definition of (b(n)) ∞ n=0 , for any non-negative integers e, l and j with 0 ≤ l ≤ k D − 1 and 0 ≤ j ≤ k e − 1, we have
Therefore, the set S e+D of (b(n))
From D = 1 in the above theorem, the k-projective sequence gives a unity of k-regular sequence, q-additive function and q-multiplicative function.
We choose s such that ks ≤ s
where some
where A y (z) is a d × d matrix whose entries are polynomials in z of degree less than k − 1. By the Theorem 2.5, (a(n)) .
(Duverney-Nishioka [DuN] investigated the transcendence of certain infinite
We choose s such that L = ks + j where 0 ≤ j ≤ k − 1. For any i with 0 ≤ i ≤ s, we have
Then f (z), 1, z, · · · z s has the following infinite matrix product,
where A y (z) is a d × d matrix whose entries are polynomials in z of degree less than k − 1. By the Theorem 2.5, (a(n)) Recently, Ooto [Oo] proved that the following sequence gives the T -number in F 2 m ((1/T )):
and odd integer l > 0, 0 otherwise.
The sequence (a(n))
∞ n=0 is also a k-projective sequence. 
A n+1,1 := f j0,n,1 (A n,i0,n,1 )f j1,n,1 (A n,i1,n,1 ) · · · f j k−1,n,1 (A n,i k−1,n,1 ),
This sequence can be regarded as a generalization of locally catenative sequences for multidimensional word (See 237p in [AlS4] ).
Proposition 3.1 A k-recursive word is a k-projective sequence.
Proof. Set the vector v 1 := (a 0 , a 1 , · · · , a d−1 ). Let f i (z) be the generating function of lim n→∞ A n,i .(We only need that f 0 (z) is defined as formal power series. We don't need that f j (z), for all j with 1 ≤ j ≤ d − 1, is defined as formal power series.) By the definition of f 0 (z), the series f 0 (z) has the following infinite matrix product representation;
where A y (z) (y ≥ 0) is a matrix whose entries are polynomials in z of degree less than k with coefficients in
For integers m ≥ 0 and j with 2 ≤ j ≤ d, we set
In the above definition, replace (A 0,0 , · · · , A d−1,0 ) = (a 0 , · · · , a d−1 ) by v j . From these definitions and A 0,y+1 = A 0,y · · · , for integers m ≥ 0 and all j with 0 ≤ j ≤ d − 1, f 0,j,m (z) is defined as formal power series. (We don't need that f i,j,m (z), for all i, j with 1 ≤ i, j ≤ d − 1 and m ≥ 0, is defined as formal power series.) Then we have,
where some 
where some α j,m,n ∈ K. (0 ≤ j, n ≤ d − 1, and m ≥ 0.) We obtaine,
By compare the first element of the above equation, we get,
where B y (z) (y ≥ 0) is a matrix whose entries are polynomials in z of degree less than k with coefficients in K. By Theorem 2.5, we complete the proof.
From this proposition, we can explicitly construct a k-projective sequence. This proposition also shows that the set of k-projective sequences contains complicated sequences. Now we give an example of a k-recursive word. example: Let A 0 = 1, B 0 = 1. We define the 2 n+1 length words A n+1 and B n+1 recursively as
where f n ∈ {1, −1}.
The prefix of A ∞, is as follows,
Therefore, (a(n)) ∞ n=0 has the following recurrence relation;
where 0 ≤ j ≤ 2 n − 1.
Hidden fractal structure
In this section, we seek some multidimensional increase hidden infinite copy structure, which is called hidden fractal, in k-projective sequences. Hidden fractal gives the symbolic dynamically viewpoint of some Mahler functional equation and a variation of the notion long repetitions introduced by (See section 6 in this article): Now we use the definition of k-projective sequences by Cartier operator. Set
Then for any integer y with 0 ≤ y, we have
where c y,i,n ∈ K. Set the length k y word A i,y := B 0,y e i B 1,y e i · · · B k y −1,y e i . Then we have
Hidden fractal means this infinite copy property. The prototype of hidden fractal is appeared in [Mi1] , [Mi2] as the key point of analysis of transcendence.
Application of hidden fractal to transcendental number theory
In this section, we prove some transcendence and quantitative transcendence results for Mahler functions by using hidden fractal. First, we prove some transcendence results for Mahler functions by using hidden fractal. Let (a(n)) 
Proof. By the definition of k-projective sequence, we can take a y,l (n) (y ≥ 0,
takes the values on at most b values. By hidden fractal, we have
Let m be a non-negative integer, c 1 · · · c m be any m length word in (a(n)) ∞ n=0
and y be an integer with k y−1 ≤ m < k y . Therefore, the word c 1 · · · c m is contained in the first element of the following word,
is an S-, T -, or Liouville number.
In [Mi1] , [Mi2] , we give many transcendental numbers from prototype of the above theorem. (See Theorem 19 in [Mi1] and Theorem 2.2 in [Mi2] ) Now we give the corollary of Theorem 5.2. Let A ∞ = (a(n)) ∞ n=0 be the sequence in Example 3.5. Setā(n) be the sequence (a(n)) ∞ n=0 replaced 1 by 0 and −1 by 1.
n ( for all N ≥ 0 and for all l > 0 ) is an S-, T -, or Liouville number.
For the proof of Corollary 5.1, we introduce some lemmas; Definition 5.1 Let (a(n)) ∞ n=0 be a sequence with values in C. The sequence (a(n)) ∞ n=0 is called everywhere non-periodic if no arithmetical subsequence of (a(n)) ∞ n=0 takes on only one value.
Lemma 5.1 (a(n)) ∞ n=0 is everywhere non periodic if and only if no arithmetical subsequence of (a(n)) ∞ n=0 is ultimately periodic.
The proof of this lemma is found in [Mi1] (see Corollary 1 in [Mi1] ).
Lemma 5.2 If k > 1 and l > 0 be integers and t be a non-negative integer, then there exists an integer x such that
Furthermore, if t be another non-negative integer, then there exists an integer X such that
The proof of this lemma is found in [Mi1] (see Lemma 4 in [Mi1] ). Now we start the proof of Corollary 5.1.
Proof. First, we prove the first statement. From Theorem 5.2 and Proposition 3.8, we prove the non-periodicity of a(n). Assume that there exist non-negative integers N and l > 0 such that
Therefore, for any n with n ≥ 0, (a(n)) ∞ n=0 also has period l2 n with l ≥ 1. For any n, the prefix of A ∞ is as follows
where f y ∈ {1, −1} (for any integer y with y ≥ 0). We choose an integer j with N ≤ j2 n . Set A ∞ be the word A ∞ replace f j by 1 for any j. Let a ∞ be the word A ∞ replace A n by 0 and B n by 1. By (3.1), a ∞ is the Thue-Morse word. From Theorem 15 in [Mi1] , for any integer j with j ≥ 0, there exists an integer t such that
By (3.1), we have
where f ∈ {1, −1}. We get
Then f n−1 = 0. Therefore, #{n |f n = −1} = φ. This completes the proof of first statement. Now we prove the second statement. From Theorem 5.2, Theorem 2.2-4 and Proposition 3.8, we prove the non-periodicity of a(N + ln) ( for all N ≥ 0 and for all l > 0 ). From lemma 5.1, there exist non-negative integers N and l(0 < l) such that
By (3.4), for any integer n with n ≥ 0, we have
Therefore, for any integer n with n ≥ 0, we get 1 = a(2 N +2 nl + 2 N +2+nl+2 nl).
By Lemma 5.2, there exists an integer x greater than zero such that
where 1 = s xl,q (for any q) w xl (1) = w xl (2) − 1 and w xl (3) − w xl (2) > 3. Moreover, there exists an integer X greater than zero such that
2) where 1 = s Xl,q (for any q), w xl (1) = w Xl (1) = w Xl (2)−1 andw Xl (3)−w Xl (2) > w xl (xl(2)) + 2xl + 4. From the definitions of xl and Xl, we have
By (3.4), we have
From the above equations and (3.2), we have
By the same process, for any integer t with t ≥ 1, 1 = f N +2+w xl (1)+t . Therefore, #{n |f n = −1} < +∞. This completes the proof of second statement.
Next, we prove some quantitative transcendence results for Mahler functions by using hidden fractal: Amou-Väänänen [AmV1] explicitly introduce the notion of irrationality measure for power series. (This notion implicitly appeared in [DuN] , [Ta] .)
We define the irrationality measure µ(f ) to be the infimum of µ such that; where a s,y ∈ K with log ||a s,y || = o(k y ) (for any integers y with y ≥ 0 and s with 0 ≤ s ≤ L − 1.
Theorem 5.3 (AmV1) Let α be an algebraic number with 0 < |α| < 1 and
Moreover Amou-Väänänen find Φ 0 (z) with µ(Φ 0 (z)) < +∞ by using DuverneyNishioka's criterion (Bounded condition for irrationality measure of power series), Padé approximation and the functional equations.
Theorem 5.4 (Duverney-Nishioka(2004) ) Let K be a commutative field and c 1 , c 2 , c 3 be real numbers with 0 < c 1 < c 2 , c 3 ≥ 1. Let m(n) ∞ n=0 be an increasing sequence of nonnegative integers satisfying m(n + 1) − m(n) ≤ c 3 . Let k ≥ 2 be an integer and f (z) ∈ K [[z] ] . Suppose that for large n there exists a sequence (P n (z), Q n (z))
Then µ(f ) < +∞. (1) For all s, y a s,y = 0, (2) There exists c such that for any y, there exist Y with y ≤ Y ≤ y + cand s = t ∈ {1, · · · , k − 1} (with s < t) such that
By hidden fractal and Duverney-Nishioka's criterion, this result can be generalized for the infinite matrix product. From Example 3 in Section 3, we can find By the above infinite product,
Assume, for any s, y, a s,y positive real number, for any non-zero integer y,
and there exists c such that for any y, there exists nwith y ≤ n ≤ y + c such that, a 1,n+1 + a 2,n = a 1,n a 1,n+1 , a 1,n+1 + a 2,n = a 1,n and , a 1,n = 1.
(More generally, there exists a positive real number t such that a 1,n a 1,n+1 a 1,n+1 + a 2,n = t a 1,n+1 + a 2,n a 1,n and a 1,n+1 + a 2,n a 1,n = t a 1,n 1 .) By the assumptions and the uniqueness of k-representation of natural numbers, we get
Therefore,
Set Q n (z) := 1 − z 2 n and P n (z) := (P n,0 (z) + P n,1 (z))(1 − z 2 n ) + P n,2 (z). From the assumption, there exists an integer m with n < m ≤ n + c such that a 1,m+1 + a 2,m = a 1,m a 1,m+1 , a 1,m+1 + a 2,m = a 1,m and , a 1,m = 1. Now we check the first non-equality in Duverney-Nishioka's criterion.
By the non-equality P m,1 (z)z In [Mi3] , we give new transcendental numbers by the one dimensional hidden fractal and Schmidt subspace theorem.
Comment on future investigations
In this section, we give a conclusion and future investigations. Our most interest is that What is the Mahler function? or Where does the Mahler functional equation come from?. We think that Mahler function generated by the sequence (a(n)) ∞ n=0 whose K-module generated by S e ( for any e ≥ 0 ) has small dimension as K-module. (The dimension of K-module generated by S e ( for any e ≥ 0 ) may give a measure of complexity of the sequence (a(n)) is a transcendental number.
For the proof of Theorem 6.1, we introduce the sequence defined by AdamczewskiBugeaud-Luca as follows. Proof. By the definition of a(n), for any positive integers n, j with 0 ≤ j ≤ k n and t, we have a(N + l(k N +l+1+n t + j))) ≡ a(N + lj) + a(lk N +l+1+n t) (mod L).
By the fact (a(n)) . By the definition ofā(n), for e ≥ 1 and 0 ≤ j ≤ k e−1 − 1, we havē a(k e n + j) =ā(k e n)a(j).
Therefore, the set S e ofā(n) is contained in K-module generated by at most (k − 1)k e−1 + 1 sequences. (Let s e be the dimension of K-module generated by S e . Then the sequence s e is probably unbounded.) Set f (z) = ∞ n=0ā (n)z n . Then f (z) has the following infinite matrix product,
where f j,n (z) ∈ K[[z]] (where 1 ≤ j ≤ (k − 1)k n−1 + 1) the generating function of some element ofā(n)'s S n and A y (z) (for any y with y ≥ 0) is some (k − 1)k y + 1 × (k − 1)k y+1 + 1 matrix whose entries are polynomials in z of degree less than k − 1. We also have from Theorem 6.1. (See the argument of Theorem 10's proof in [MortM] is a transcendental number.
